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Abstract

The problem of location detection is investigated for many scenarios, such as pointing out
the flaws in the multiprocessors, invaders in buildings and facilities, and utilizing wireless sensors
networks for the environmental monitoring process. The system or structure can be illustrated as
a graph in each of these applications, and sensors strategically placed at a subset of vertices can
determine and identify irregularities within the network. The (OLD-set) that is open locating
dominating set is a subset of vertices in a graph, such that every vertex within the graph is
distinct and non-empty. Let G = (V, E), be the graph, a set S C V(G) is a [1,2]-OLD set if
N@#E) NS #0, for some ¢ € V(G), and 1 < |N(1) N S| <2, as well as N(i) NS # N(j) N S, for
every pair of distinct vertices 4,j € V(G)\S. The minimum cardinality of [1,2]-OLD set in a
graph G is called [1, 2]-open locating domination number and is denoted by '7[01@2]' In this paper,
we compute the [1, 2]-open locating domination number of some families of graphs.

2010 Mathematics Subject Classification: 05C12, 05C90

Keywords: Domination number, Open-locating domination number; [1,2]-Open
locating domination number; Petersen Graph; Convex Polytopes.

0 Introduction and Preliminaries

Location detection problems have been considered for several applications, including detecting faults
in multiprocessors, contaminants in standard utilities, invaders in buildings and amenities, and
environmental monitoring employing wireless sensor networks. The system or framework can be
modeled as a graph in each of these applications. Sensors strategically placed at a subset of vertices
can determine and identify irregularities in the network. An OLD-set(open locating-dominating
set) in a graph G is a subset of vertices in that graph such that they have a unique and non-empty
set, of neighbors in the subset. Sensors positioned at vertices of the OLD-set will detect and identify
disruptions in a network in a specific way. Such sensors can be expensive, and therefore it is vital

to reduce the size of the OLD-set. Formally the open-locating dominating set S for a graph G
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is the collection of vertices which dominates G, and for any vertices u,v € V\S, the condition
SN N(u) # SN N(v) satisfies. The set S will be denoted as OLD-set. The smallest cardinality
of such a set is denoted as v?'4(G). If detector can distinguish an invader at N(u), without the
capability of detecting at u, then we examine open-locating dominating set as studied in [20], [21],
61, [19].
A set S C V(G), of an undirected graph G = (V, E), is a dominating set S if for any vertex that
does not relate to S has some neighbors in S. The domination number v(G) is the least size of
dominating set in G.
The application prompting this research is modeled using a dominating set of vertices in a graph
representing defenders at distinct places in a facility. In this case, we require one defender to get
to any un-protective vertex in one step and for a backup defender to be no more than two vertices
away.
Definition 1.1 A subset S C V, is a [g, h]-set if i € V\S, g < |N(i) N S| < h for positive integers
g, and h, the vertex i € V\S is adjacent to at least g but no more than h vertices in S [7].
Definition 1.2 Let S be a subset of G, is a [1, 2]-set, if for some u € V\S we have 1 < |[N(u)NS| < 2,
that is each vertex u € V\S is adjacent to at least one but no more than two vertices in S. The
minimum cardinality of [1,2]-set in G is called [1,2]-domination number and is represented by
0.2(G)IIO, (111
Definition 1.3 A S C V(G) is known as total dominating set if for each vertex v € V, N(v)NS # 0.
The total domination number is least size of total dominating set S, it is denoted as 1¢(G).A total
dominating set S C V, is termed as total[1,2]-set if for any vertex x € V\S, 1 < |[N(z)NS| < 2. The
total[l, 2]-domination of G, is the minimum cardinality of total[l, 2]-set, and is denoted as ;1 9)(G)
[14].
If S'is a [1, 2]-set it is dominating as well, but a dominating may not be a [1, 2]-set implies v} 9)(G) >
v(G). For any graph G,

Y(G) < n(G) < p2(G),

Y(G) < M(G) < vip,2)(G).

Definition 1.4 A S C V, is called independent if in a set .S, no two vertices are adjacent. The inde-
pendent domination number i(G) is the cardinality of a minimum independent dominating set in G,
that is 7(G) < i(G). Now with an additional property, a dominating set S is an independent[1, 2]-
set if 1 < [N(j) N S| < 2, for every vertex j € V\S. The minimum cardinality of a such a set is
called independent[1, 2]-number, denoted by if; 9|(G). The relation i(G) < if; 9)(G) for every graph
admitting an independent[1, 2]-set. For further study on this parameter readers can see [9], and [I].
In studies involving safeguard implementations in graphical facilities models or multiprocessor net-

works, different types of security sets have been studied to precisely locate an "intruder" such as a
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thief, saboteur, or explosion, or defective processor. It is commonly believed that a system modeling
tool located at a vertex v can detect an intruder only if it is at v or a vertex location adjacent to
v in a graph G = (V, E). For any vertex z € V, the set Ng(z) = {v € V|(z,y) € E} is called the
open neighborhood of x. Moreover, Ng[x] = Ng(z) U {z} is called the closed neighborhood of .

Motivated by the above notion of [1, 2]-domination number, total [1, 2]-set, independent [1, 2]-set
we introduce the [1,2]-open locating domination that is defined in a similar way as above different
parameters of domination are defined.

Definition 1.5 A set S C V, is termed as [1,2]-open locating dominating set if for any vertices
u,v € V\S, SN N(u) # SN N(v) satisfies, as well as for such vertices 1 < |[N(u) N S| < 2, and
1 <|N(v)NS| < 2. The minimum cardinality of such a set is called [1,2]-open locating domination

number and is denoted as ’y[ollcé}(G). The relation holds fyf’llcé}(G) > 4o(@).

1 Known results for 77¢(G)

Some of the known results concerning the open-locating domination in a graph G are as follows;

Lemma 1. [20] For n > 3, 4°4(C,) = [2]

Lemma 2. [20] For n > 10, we have;

4 = 1,2,3,4;
’yOld(Pn): k+T,n 6k’+7“ 7"60, y ,3, ;
4k 4+ 4,n = 6k + 5.

Lemma 3. [5] For a complete graph of order n, we have y*'4(K,) =n — 1.
Lemma 4. [2| Forn > 10, and n > 10, and n = 10f + h, and h € {0,1...,9} we have;

Af+1, ifhe0,l1;
Af+2, ifhe2,3;
Af+3, ifhed,b;
Af+4, ifh€6,7,8,9;

YR <

Lemma 5. [2] For n > 9, we have; [2] < 4°14(C2) < [2%2] +1.
Theorem 1. [5],[20] Let G be a graph of order n and mazimum degree A, then;

2n
Old >
UG 2 3

Let H be the graph as shown in Now let S = {b,d,e,g,h}. Now we need to check the
intersections, N(a)NS = {b}, N(b)NS = {d},N(c)NS = {b,e}, N(d)nS = {b, g}, N(e)NS = {h},
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N(fynS = {d,g}, N(ggnS = {d,h}, N(h)nS = {e,g}, and N(i) NS = {e,h}. It can be
clearly seen that all the intersections are non-empty and distinct and as well as intersection of open
neighborhood of a vertex with the S contains at least one vertex and no more than two vertices.
Thus S is [1, 2]-open locating dominating set. Thus [1,2] — OLD(H) = |S| = 5. This also shows
that ’y[ollg](H) =yl (H).

Observation 1: A graph G has [1,2]-open locating dominating set if and only if the minimum

Figure 1: [1,2]-OLD set.

degree of a graph is § > 1, and for some vertices y # z, we have N(y) # N(z), also the intersection
of open neighborhood of these vertices with the set S C V(G), contains at least one and no more
than two vertices.

Observation 2: For a graph G, [1,2]-OLD(G)=2, if and only G = K, K3.

Proof: In order to prove let us assume S be an [1,2]-OLD set for a graph G of size 2. Then it is
quite clear that the no vertex of S has external private neighbor in V(G) — S, and also it satisfies
the condition to be [1,2]-OLD set.

In this next section we will find the [1, 2]-OLD number of cycle, path, and square of path and cycle
graphs, respectively.

2 Upper Bounds for yﬁlg]
2.1 Cycle graphs

Let C), be the cycle graph. The vertices and edges of V(C),) = {ag,a1,...,an-1}, and E(Cy,) =

{apay,ajag,...,an—1ap}. The cycle graph is a regular graph of degree 2.

Proposition 1. For n > 6, we have

2n
old _ 3
2 (Cn) { [22]+1, n=1( mod 3).
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old

The result for iz

}(C’n) is later used to find the upper bounds for different graphs of convex
polytopes.

Proof. In order to prove that we will establish a set .S

{azet1,aze42 [ €=0,..., 5 — 1 n = 3j;
S = {agg,a35+1U{a3j_1,a3j},‘ 520,...,]'—1 n=3j7+1;
{a3€7a3€+1au{a3jaa3j+l} | gan"'?.j_l n:3.7+27
The Tabl is presented which clearly shows that, SN N(a) # (), the intersection with the set S

is distinct as well as it can be clearly seen that 1 < |[N(a) N S| < 2. By the above construction one

n aecV SN N(a) acV SN N(a)
3j azey1 {azpq2} azey2 {azeq1}
azer3(0=0,...,5—2) {azeyo,a3014}(€=0,...,5—-2) ag {a1,a3;_1}
3j+1 age1(£=0,...,5—2) {age}(€=0,...,5-2) azer2  {asey1,aze43}
azet3 {azeya} agj—2 {asj_s,az; 1}
az; {azj_1,a0} ao {a1,as;}
3j+2 aze1 {aze} azev2  {asey1,aze3}
azeys {ase4} aog {a1,a3j41}
azj1 {as;, ao}

Table 1: [1,2]-OLD vertices in Cj,.

can easily notice that S is [1,2]-OLD set;

N

n

o =2 n=0,2( mod 3);
TG (Cn) < { Fin (
3

+1, n=1( mod 3).

i
|

Now by lemma (1| we have 7°'4(C,,) = [2:]. Now from the above facts for n = 1(mod3), we have
yf’llé](cn) # v°4(C,,). Let us assume on contrary we have y[ollé](cn) = ~°(C,,), for n = 1(mod3).
Let us assume set S = {asp, asey1,a3-1 | £=0,...,5 —1}. We will encounter azj_3 = agj_1 =
{agj—2}, which is a contradiction as the intersection of the open neighborhood of vertices with the

given set S are equivalent. Now we can present an improved result for the v%4(C,,).

Theorem 2. For n > 6, we have for the graph of Cy;

o - [2&1, n=0,2( mod 3);
() = { [%1 +1, n=1( mod 3).
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2.2 Path Graphs

The [1,2]-OLD number of path graph P,, can be computed in a similar way; and from [20] , and by
Theorem [I| we have v°'4(P,) = [2]; so we can write the following result for [1,2]-OLD number of

P, as;

Theorem 3. For n > 6, we have
old old 2n
R =) = |

The square of a graph G = (V, E), is the graph G = (V, E'), where E' = EU {zy : d(x,y) = 2}.
Now we calculate the [1,2]-open locating domination number for square of a path and cycle graphs

respectively.

2.3 Square of Path Graphs

Now it is not so hard to check that fyf’ll‘é] (P2) = 3, ’yf’ll‘é] (P2) = 400, and when n = 7,8, 9, we have
4P =4,

Theorem 4. For n > 10, we have

ot (p2y < | 3] 1, whenn=0,2,3,4,5,6(modl0);
Mr2)\Fn) = [22] when n = 1,8,9(mod10).

Proof. In order to prove that we will establish a set .S

{w100, ur0042, Ur0044, w10046} U {uroj—2} | £=0,...,5 — 1 n = 107;
{w10041, 10043, 10045, Ur0e47} U {utoj—1} [£=0,...,5 =1 n=10j+1;
{u10e; wr0e+2, wr0044, wr0e16} U {wios}s {wioj+1} [£=0,...,5 =1 n =105 +2;
{u10041, w100+43, W100+5, 10047} U {wroj+1}, {uroj2} [ €=0,...,5 — 1 n =107 + 3;
g_ {w1004 > w100+2; w0644, wroe46 U {uro0j—2}, {vwioj4+2}, {wioj43} [ €=0,...,5 — 1 n =105 + 4;
{u10041, 10043, U100+5, Ur0e47} U {ut0j-1}, {u10j43}, {wrojral | £=0,...,5 — 1 n = 10j + 5;
{u100, ut0012, U100+4, r0046 F U {u10j—2}, {woj}, {utoj+a}t, {u10j45} [£=10,...,5 — 1 n = 10j + 6;
{u100+1, U100+43, Wi0e45, Ur0e+7} U {ur0j-1}, {utoj+1}, {uioj+3}, {uioj45} [£=0,...,5 =1 n=10j+T7;
{w100, ur0012, U10044, 10046} U {u105}, {w10j+2}, {ut0j44}, {u10j46} [ £=0,...,5 — 1 n =105 + 8;
{w10041, w10043, 10045, Ur0e47} U {u10j41}, {ut0j+3}, {vroj+s}, {w10j47} [£=0,...,5 =1 n =105 +9.

For 2,3,4,5,6,7,8,9(mod10) only those representation are presented in the next table which
differs from the above table.
O

The Tables [2(a)l2(b)|indicates that there are no vertices in graph with SN N (u) = oo, as well as
the intersection with the set S is distinct, and 1 < |N(u) N S| < 2.Finally, computational evidence

encourages us to conjecture that Theorem (4| in fact gives the exact values for ’y[oll%} (P2). Note that
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n ueV SN N(u) ueV SN N(u)
105 U100 {u10042} U106+1 {u100, v10042}
U100+4-2 {Uloe, U102+4} U106+3 {U10€+27 U10£+4}
UL06+4 {U10£+2, u10e+6} U1004-5 {U104+47 U10£+6}
u104+6|€:0,...,j—2 {U105+4}|€:j—2 U104+7|€:07...,j—2 {U105+6}£:0,...,j—2
ulog+8|€:0,...,j—2 {u10g+6,u104}\€:0,...,j—2 u10g+9|€:O,...,j—2 {ulog}‘é:O,...,j—Q
U105—-4 {Uloj—s, U10j—2} U105—-3 {UIOj—47 U10j—2}
U105—2 {U10j—4} U105—-1 {Uloj—z}
105 +1 U100 {u10041} U106+1 {u10043
U106+2 {U10£+1, u10£+3} U106+3 {U1oe+17 u10£+5}
U100+4 {U10£+3, U1012+5} U100+5 {Uloé+37 U10£+7}
U100+6 {u10645, ur0647} utoe47[l =0,...,5 —2 {u10045}¢=10,...,5 —2
u104+8|€:0,...,j—2 {u105+7}|€:0,...,j—2 u10z+9|f=07...,j—2 {u104+7,u105+11}‘€=0,...7j—
U105—3 {Uloj—s, U10j—1} U105 -2 {Uloj—?n ule—l}
U105—-1 {UIOj—3} U105 {U10j—1}

Table 2(a): [1,2]-OLD vertices in (P2).

every ’yf’llg](G) is an open-locating dominating set y°'¢(G), but the converse is not true for every

graph. Next we shown that a complete graph K, on n vertices do not have open-locating[1, 2]
dominating set.
Note that every ’yf’llé}(G) is an open-locating dominating set v°'¢(G), but the converse is not true

for every graph.

2.4 Square Of Cycle Graphs

The squared cycle graph C? is a regular graph of degree 4. The vertex set is V (C2) = {vo, v1, ..., Vn_1}-
The squared cycle graph is also a special case of Harary graph H(r,s), with r = 4. Tt is straight
forward to check that ’yﬁlé] (C3) = +oo, ’y[ollé] (C3) = +oo, *y[ollé] (C3) = +o0, ’y[ollg] (C3) = +o0,
’Yﬁlg] (C§) = +oo, ’Yﬁlg] (CTo) = 4, ’)’[Ollé] (Cty) = +oo

Theorem 5. For 7[011%] (C2), n > 12, we have

n—2 . _
L =0,1,2(mod4) ;
old 2 < |V 2 —|7 an ) Ly )
M12) (C) = { +00 otherwise.

Proof. In order to prove that we will establish a set .S;

{vaer1, va3} U{vgj-3} [ £=0,...,5 — 2 n = 4j;
g = {U44+1,U4g+3}U{U4j_3},{7j4j_1} ’ £=0,..,5—2 n =45+ 1;
{vaes1,va043} U{vaj—s}, {vaj1} | £=0,...,5 —2 n=4j+2;

{vaerr, vaersy Ufvaj—st {vaj1}, {vaja} [ £=0,..,5 =2 n=4j+3;
The Table [3] consider four cases. As it can be clearly seen that for the cases n = 45, n = 45 + 1,

n = 47542, all the intersection of the vertices in the graph with the set S are non-empty and distinct

as well as 1 < |N(v) NS| < 2. But the for the case n = 4j + 3, this property is not satisfied. O
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n ueV SN N(u) ueV SN N(u)
105 +2  uioete {u10044} U10047 {u10046}
U100+8 {ut0e46,ut0e} w0049/l =0,...,5 =2 {uoe}|[l =0,...,5—2
U105—1 {Uloj,ulojﬂ} U105+1 {Uloj}
105 +3  uioe+7 {u10045} U10048 {u10047}
U1004-9 {U101€+7, U10£+11} U105 {U10j+1, U10j+2}
U105+1 {u10j42} U105+2 {u10j41}
105 +4 w4 {u10j—2, u10j+2} U10j+1 {u10j+2, w10j+3}
U10;+2 {uiojts} U10;+3 {uiojto}
10j +5 w041 {u10j-1, %1043} U105+2 {w10j43, 10544}
U10;+3 {urojat U10;+4 {uiojts}
105 +6 w0048 {u10e+6, v10e} U051 {ui0j-2, w105}
U10; {uroj—2} U10j+41 {u10;}
U10542 {Uloj, U10j+4} U105+3 {U10j+4, U10j+5}
U1054+4 {U10j+5} U1045 {U10j+4}
10 4+7  wuioj {w10j—1,v10541} U105+1 {w10j-1,u10543}
u10j42  {U10j41, U10j+3} U10543 {w10j41, v10j45}
U1054+4 {U10j+3a U10j+5} U1054+5 {U10j+3}
U10;+6 {uiojts}
105 +8  uioe+6 {u10044} U10047 {u10046}
U10048 {u10046, U100} U10049 {u10e}
U10; {u10j42} U10541 {w105, w1052}
U1054-2 {U10j~U10j+4} U105+3 {U10j+27 u10j+4}
U10j44  {U10j42, Y1046} U10545 {u10j44, 10546}
U10;+6 {urojta} U10j+7 {uiojte}
105 +9  wuioe+7 {u10045} U10048 {u10047}
U1004-9 {U10z+77 U10£+11} U105 {U10j+1}
U10j4+1 {u10j43} U10542 {w10j41, u10j43}
u10j43  {U10j41,U10j45 ) U10;44 {u10j43, 10545}
U045  {U10j43, U10547 ) U10546 {u10j45, u10j47}
U047 {uioj4s} U10j+8 {uioj47}

Table 2(b): [1,2]-OLD vertices in (P2).
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n veV SN N(v) veV SNN(v)
45 00 {vi} vy {vs}
V4042 {vae41, vary3} V4043 {var41, varys}
v {va043, varys} Vaoys  {Vary3, (Vaegr)le=0,...,5 — 3}
V452 {vaj—3} V41 {vaj—3,v1}
47+1 v {vi} vl {vs}
(o {vae41, vary3} V4043 {vae41,va045}
V4044 {va043, varys} V4045 {vaeq3, (Vaeq7)}
V4j—2 {vaj—3,v45-1} V451 {vaj—3}
Vyj {vgj—1,v1}
4j + 2 V0 {’Ul} U1 {’03}
Vag+2 {U4e+17 U4£+3} V4g+3 {U4z+17 U4e+5}
v {va43, Varys} V4045 {vaes3, (Vaesr)}
V452 {vaj—3,v45-1} Va1 {vaj—3}
V4 {vaj—1} Ugj41 {va-1, 01}
47+ 3 0 {v1, V4j+1, U4j+2} U1 {vs}
Vag42 {’U4£+1 ) U4€+3} V4g+3 {U4£+1 ) U4£+5}
V444 {va043, varys} V445 {vaes3, (Vaesr)}
Vgj—2 {vgj—3,v45-1} Va1 {v4j—3,v45-1}
Vg {V45-1,Va541, V4542 Vajtl {vaj—1,va512}
V442 {vaj41, 01}

Table 3: [1,2]-OLD vertices in (C2).
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Finally, computational evidence encourages us to conjecture that Theorem [5| in fact gives the
exact values for ’yﬁlé] (C3).
3 Exact Values

3.1 [1,2]-open locating domination number P(n, k)

The introduction of generalized Petersen graphs was done by Watkins[24]. The P(n, k), where
n>3,and 1 <k < L”T_IJ, is the cubic graph consist of vertices and edges.

V(P(?”L,k) = {(Io,al, . ,an,l,bo,bl, .. .,bnfl}

E(P(n, k) = {aiaitk, bibi, bibit1]i = 0,1,...,n — 1}

Recently [§] calculated the V11,21 (P(n, k))|ke1,2,3, and proved that vy o (P(n, k)) = v(P(n, k))ke1,3,

and also yp,9/(P(n,k)) # v(P(n, k))k=2, except for n = 6,7,9,12. So motivated by this we calcu-

lated 7["11‘12] (P(n,k)), as shown in the following theorem.

Theorem 6. Forn > 6, the ’yf’ll‘é}(P(n, k)) is given as;
’Y[Ollz] (P(?’L, k)) =n

Proof. Let us construct a set S of P(n, k), now S = {by|¢ =0,1,...,n—1}. Now the following table

is presented; The table clearly there are no vertices in a graph with the empty set and intersection

v SNN(v)
bo {b1,bn—1}
b1 {bo, b2}

be | {be—1,br41]e=23,..n—1}
a {be}e=01,..n—1}

Table 4: [1,2]-OLD vertices in P(n, k).

of the vertices of a graph with the set S are distinct as well, and the condition 1 < [SN N (v)| < 2
implying that,
Wig (P(n k) < n

Now on the other hand we have 'yﬁlé](G) > 4°4(@), and we know the fact that generalized Petersen
graph is a graph with each vertex of degree 3, with 2n vertices so by using Theorenfl] the open-

locating domination number can be calculated. Combining all these we can say that;

Vg (P(n,k)) =174 (P(n, k) = n
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3.2 [1,2]-open locating domination number of Convex Polytopes

The graph of convex polytope D,,, consist of 2n 5-sided faces and a pair of n-sided faces, as shown
in Figure[2| The open locating domination number of D,, was considered in [I9]. Motivated by this,
in this paper, we found [1, 2]-open locating domination number of already studied classes of convex
polytopes. We gave the exact values of [1,2]-open locating domination number, of three further
variations of the D,, graph. These are R,,,[16] in which they studied the vertex-magic total labelling
of R,,. Imran et al. [I3] studied the minimum metric dimension problem. The graph of H,, and H},
is studied in [I7], where the binary locating dominating number is calculated. By using Theorem
for open-locating dominating number we see that for these particular families of convex polytopes,

Vf’llé](G) = ~°4(@). For other families of convex polytopes, their upper bounds are presented. The

Figure 2: The graph of convex polytope D,,.

authors in [19] found the open locating dominating number of D,,, and proved that,

Theorem 7. [19]For n > 6, the open-locating domination number is;
~4(D,) = 2n

3.3 Convex polytope R,

The graph of convex polytope R, constitutes of 2n 5-sided faces, n6-sided faces, and n-sided faces,

as studied in Miller et al. [I6]. The vertex and edge set comprises of;

V(Rn) = {afubfac€7dfgef7ff ’ E = 07 ey — 1}7

E(Ry) = {agagi1, aebe, becy, bpce—1, cody,

deeg, deeoyr,eefe, foferr1 [ £=0,...,n —1}.

Theorem 8. For n > 6, we have;
Y2 (Rn) = 3n
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Figure 3: Convex polytope R,,.

v | SNN(v)
ay {aﬂfla az+1}
by {as}

Cy {d@}

de | {es,eeq1}
ee | {de—1,de}
fe {ee}

Table 5: [1,2]-OLD vertices in R,,.

Proof. In order to prove that let use consider S = {ay,dy,e|¢ = 0,1,...,n — 1}. Now a table is
given; It can be seen from above that these intersections are non-empty as well as distinct. The
other condition also satisfies as we can see that for some vertex which is in set S, as well as not
in S, the intersection of open neighborhood of vertices with the set S comprises of at least one
and no more than two vertices. This fact is also clear from the table. So S is [1,2]-OLD set f
R,. So |S| = 3n, ’yf’ll’%}(Rn) < 3n. On the other hand ’y[ollé](Rn) > ~°4(R,) and by Theorem
Y (R,) > [%1 = 3n. So from all the above facts; ’yﬁlg] (R,) = v"(R,) = 3n. O

3.4 Convex polytope H,

The graph of convex polytope H,, as studied in[17] where the binary locating domination number

is considered. For the sake of simplicity we present vertex and edge set of H,, as,

V(Hn) == {afubface7dfuef7ff7g€7 hf | {= 07 e, — 1}a

E(H,) = {asapi1,aebe, bocy,beco—1,
cedy, deeg, deeprt, eofe, foge,

fege—1, gehe, hehoyr | £=0,1,...,n — 1.}
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Figure 4: Convex polytope H,,.

Theorem 9. Forn > 8, we have;
iz (Hn) = dn

Proof. In order to prove that let use consider S = {ay,ds, ez, he|ll = 0,1,...,n —1}. Now a table

is shown; It can be seen from the table that these intersections are non-empty as well as distinct.

v SN N(v)
ag | {ag—1,a041}
by {ac}

¢ {d¢}

de | {es, eer1}
eo | {de—1,de}
e {es}

ge {he}

he | {hoy1,he1}

Table 6: [1,2]-OLD vertices in H,.

The other condition also satisfies as we can see that for some vertex which is in set S, as well as not
in 5, the intersection of open neighborhood with the set S comprises of at least one and no more
than two vertices.This fact is also clear from the table. So S is [1,2]-open locating dominating set
of Hy. So |S| = 4n, v[ollg](Hn) < 4n. On the other hand v[ollg](Hn) > ~°l4(H,) and by Theorem

7Ol (H,) > (%1 = 4n. From all these above facts; vfllg](Hn) =~ (H,) = 4n. O

3.5 Convex polytope H)

The graph of convex polytope H),, as studied in[I7] where the binary locating domination number

is considered. For the sake of simplicity we present vertex and edge set of H), as,

V(H7/1) = {CL@? b£7 Ces d€7 €v, f@a

gfahfvifajf,kfalfw = Oa e, — ]-}
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and the edge set
E(Hy) = {agaes1,aebe, becy,boce—1, cody, dyey,
deeoi1,eofes fege, fege—1, gehu, hety,
heioy1,ieges jekes jeke-1,

kolo,lolgs1 | £ =0,1,...,n —1}.

Figure 5: Convex polytope HJ,.

Theorem 10. Forn > 8, we have;
iy (Hy,) = 6n

Proof. In order to prove that let use consider S = {ay,dy, es, hy,ig,lg|¢ = 0,1,...,n —1}. Now we
present a table; It can be seen from above that these intersections are non-empty as well as distinct.
The other condition also satisfies as we can see that for some vertex which is in set S, as well as not
in S, the intersection of open neighborhood with the set S comprises of at least one and no more
than two vertices. This fact is also clear from the table. So S is [1,2]-open locating dominating set
of (H]). So |S] = 6n, 'yﬁlé](H{l) < 6n. On the other hand ’y["llg](H;L) > ~4°l(H!) and by Theorem

A (H!) > {23121”] = 6n. Combining all these we get; ’yf’llé] (H!) =~ (H!) = 6n. O

We studied three families of convex polytopes which are actually the extension of the graph
of convex polytope D,,, and we conjecture that these are the exact values of [1,2]-open locating

domination number.
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v SNN(v)
ay {azfl, a£+1}
by {ag}

e {de}

de | {ee,eoq1}
ee | {de-1,de}
fe {ee}

ge {he}

he | ieyier1}
io | {he—1,he}
Je {ie}

ky {le}

lo | {le=1log1}

Table 7: [1,2]-OLD vertices in H/,,.

4 Conclusion

In this paper, we initiated the study of [1, 2]-open locating domination number of graphs. The study
of [1,2]-set in graphs, [1,2]-domination number, Total[1, 2]-domination, as well other studies related
to these topics is the cause of this study. We calculated the [1,2]-open location domination number
of cycle, sqaure of cycle and path respectively as well as studied the generalized petersen graph
G(P(n,k)), and the graphs of convex polytopes, which are an essential class of graphs from both
geometric and combinatorial viewpoint. The further study can be directed towards finding [1, 2]-
open locating domination of other well-considered graphs. It would be interesting to find [1,2]-set
in the trees and finding the bounds and characterizing the trees that possess [1,2]-sets. Recently
different domination parameters have been studied for the classes of convex polytopes, so further
research can be carried out for those parameters which exhibit the exact values among these families

of graphs.

References

[1] Aleid, S.A,; Caceres, J,; Puertas, M.L. Every grid has an independent[1, 2]-set, Discrete App.
Math., 2019, 263, 14-21.

[2] Argiroffo, G.; Bianchi, S.; Lucarini, Y.; Wagler, A. The identifying code, the locating-
dominating, the open locating-dominating and the locating total-dominating problems under

some graph operations, Electronic Notes in Theoretical Computer Science, 2019, 346, 135-145.

[3] Baca, M. On magic labellings of convex polytopes, Ann. Discrete Math., 1992, 51, 13-16.

47



International Journal of Advancements in Mathematics 2 (1) 2022. 33-49

[4] Baca, M. Face anti-magic labelings of convex polytopes, Utilitas Math., 1999, 55, 221-226.

[5] Chellali, M.; Rad, N. J.; Seo, S. J.; Slater, P. J. On open neighborhood locating-dominating in
graphs, Electronic Journal of Graph Theory and Applications (EJGTA), 2014, 2(2), 87-98.

[6] Cappelle, M. R.; Coelho, E. M.; Foulds, L. R.; Longo, H. J. Open-independent, Open-locating-
dominating Sets in Complementary Prism Graphs, Electronic Notes in Theoretical Computer

Science, 2019, 346, 253—264.

[7] Chellali, M.; Haynes, T. W.; Hedetniemi, S. T.; McRae, A. [1, 2]-sets in graphs, Discrete Applied
Mathematics, 2013, 161(18), 2885-2893.

[8] Chen, L.; Ma, Y.; Shi, Y.; Zhao, Y. On the [1, 2]-domination number of generalized Petersen
graphs, Applied Mathematics and Computation,2018, 327, 1-7.

[9] Chellali, M.; Favaron, O.; Haynes, T. W.; Hedetniemi, S. T.; McRae, A. A. Independent |1,
k|-sets in graphs, Australasian J. Combinatorics, 2014, 59, 144-156.

[10] Dejter, 1.J. Quasiperfect domination in triangular lattices, Discuss. Math. Graph Theory,
2009,29, 179-196.

[11] Goharshady, A. K.; Hooshmandasl, M. R.; Meybodi, M. A. [1, 2]-sets and |1, 2]-total sets in
trees with algorithms. Discrete Applied Mathematics, 2016, 198, 136-146.

[12] Imran, M.; Siddiqui, H.M.A. Computing the metric dimension of convex polytopes generated
by wheel related graphs, Acta Math. Hungar., 2016, 149, 10-30.

[13] Imran, M.; Bokhary, S.A.U.H.; Ahmad, A.; Semanicovéa-Fefiovéikova, A. On classes of regular
graphs with constant metric dimension, Acta Math. Sci., 2013, 33B, 187-206.

[14] Lv, X. Z.; Wu, B. Total [1, 2]-domination in graphs, Acta Mathematicae Applicatae Sinica,
English Series, 2018, 34(4), 801-812.

[15] Maksimovié¢, Z.; Bogdanovi¢, M.; KraticA, J.; Savié, A. Open Location-domination number of

generalized petersen graphs.

[16] Miller, M.; Ba¢a, M.; MacDougall, J.A. Vertex-magic total labeling of generalized Petersen
graphs and convex polytopes, J. Combin. Math. Combin. Comput., 2006, 59, 89-99.

[17] Raza, H.; Hayat, S.; Pan, X. F. Binary locating-dominating sets in rotationally-symmetric
convex polytopes, Symmetry,2018, 10(12), 727.

[18] Raza, H.; Hayat, S.; Pan, X. F. On the fault-tolerant metric dimension of convex polytopes,
Applied Mathematics and Computation, (2018), 339, 172-185.

48



International Journal of Advancements in Mathematics 2 (1) 2022. 33-49

[19] Savi¢, A.; Maksimovi¢, Z.; Bogdanovi¢, M. The open-locating-dominating number of some

convex polytopes, Filomat, 2018, 32(2).

[20] Seo, S. J.; Slater, P. J. Open neighborhood locating dominating sets, Australasian J. Combi-
natorics, 2010 46, 109-120.

[21] Seo, S. J.; Slater, P. J. Open-independent, open-locating-dominating sets, Electronic Journal
of Graph Theory and Applications, 2017, 5(2), 179-193.

[22] Seo, S. J.; Slater, P. J. Open neighborhood locating-dominating in trees, Discrete Applied
Mathematics, 2011, 159 (6) 484-489.

[23] Seo, S. J.; Slater, P. J. Open Locating-Dominating Interpolation for Trees, Congressus Numer-
antium, 2013, 215, 145-152.

[24] Watkins, M.E. A theorem on Tait colorings with an application to the generalized Petersen
graphs, Journal of Combinatorial Theory, 1969, 6(2), 152-164.

[25] Yang, X.; Wu, B. [1, 2|-domination in graphs, Discrete Applied Mathematics, 2014, 175, 79-86.

49



	Introduction and Preliminaries
	Known results for old(G)
	Upper Bounds for old[1,2]
	Cycle graphs
	Path Graphs
	Square of Path Graphs
	Square Of Cycle Graphs

	Exact Values
	[1,2]-open locating domination number P(n,k)
	[1,2]-open locating domination number of Convex Polytopes
	Convex polytope Rn
	Convex polytope Hn
	Convex polytope Hn

	Conclusion

